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This paper argues that a tunneling prefactor should appear in expressions for the tunneling
probability D relevant to cold field electron emission CFE and in Fowler–Nordheim FN type
equations. Except in the case of the “ideally smooth” parabolic barrier, a prefactor is always present
for barriers where D can be found by exact solution of the Schrödinger equation. A review of the
Jeffreys–Wentzel–Kramers–Brillouin JWKB approach to solving the Schrödinger equation shows
that tunneling barriers should be classified according to whether they are weak or strong and ideally
smooth or not: there are four different JWKB-type formulas, depending on the nature of the barrier.
CFE tunneling barriers are not ideally smooth but since the 1950s have usually been analyzed using
the JWKB formulas for ideally smooth barriers. These analyses, and the standard Murphy–Good
FN-type equation, seem mathematically and physically incomplete. The FN-type equations
currently used to describe CFE should be revised to explicitly include a tunneling prefactor. Some
implications are explored. © 2008 American Institute of Physics. DOI: 10.1063/1.2937077
I. INTRODUCTION
Fowler–Nordheim FN tunneling1 is electric-field-
induced tunneling through a roughly triangular barrier. When
the barrier to emission from a material into vacuum is
“strong,” in a sense defined below, there is a low-temperature
electron emission regime including room temperature
known as “cold field electron emission CFE.” FN tunneling
and CFE are processes of significant technological interest,
especially in connection with the prevention of vacuum
breakdown, the development of cold-cathode electron
sources, and internal electron transfer processes in some
types of electronic device. A more careful formulation of the
theory would be helpful.
CFE is usually described by one or other of a large fam-
ily of approximate equations, called Fowler–Nordheim-type
FN-type equations. This paper is one of several by the
present author2–5 that aim to progressively consolidate exist-
ing theoretical treatments of CFE into a more complete and
coherent intellectual structure. It argues that a tunneling pref-
actor should appear both in the expression derived for the
probability D of tunneling through any particular defined
barrier, and in the FN-type equations derived by summing
contributions to the emission current density ECD made by
tunneling from all internal electronic states. Inclusion of the
prefactor should eventually enable tunneling probabilities
and current densities to be calculated slightly more consis-
tently. However, more important, it helps make the theory
physically more complete. The need to include this prefactor
was briefly discussed elsewhere,5 as part of a wider discus-
sion of correction factors. This paper presents detailed justi-
fication.
The following basic notation is used. Let e denote the
elementary positive charge, me the electron mass in free
space, 0 the electric constant, hP Planck’s constant with
P=hP /2, and  the local work function of the emitting
surface. The field at the emitter surface, which determines
the tunneling barrier, is denoted by F and called the “barrier
field;” the ECD is denoted by J. In CFE theory, these
positive quantities are the negative of the like-named quan-
tities used in conventional electrostatics. The symbols
ae3 /8hP and b8 /32me1/2 /ehP denote the first
and second FN constants.4
The structure of the paper is as follows. Section II pro-
vides theoretical background. Section III reviews barriers
where the Schrödinger equation can be solved exactly to give
an expression for D and shows that except for the parabolic
barrier a tunneling prefactor is always present. Section IV
re-examines Standard CFE theory in the light of this finding.
Section V looks at the consequences of including this pref-
actor in the derivation of FN-type equations. Section VI
notes other CFE contexts where a tunneling prefactor is
needed. Section VII provides summary and conclusions.
II. THEORETICAL BACKGROUND
A. The Sommerfeld model
Arguments here are made in the context of emission
from the flat planar surface of a bulk metal represented by a
Sommerfeld-type free-electron model,6,7 as illustrated in
Fig. 1. This simplifies much detail but does not affect the
general validity of the conclusions. This model underlies
many past discussions of CFE theory. The direction of the
outward normal from metal to vacuum is termed the “for-
wards” direction.
The local depth of the potential-energy PE well is de-
noted by . For a given electron state A, the total electron
kinetic energy is denoted by K, and its components parallel
and normal to the emitter surface by Kp and Kn, respectively.aElectronic mail: r.forbes@ieee.org.
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When F=0, an electron with a normal forwards kinetic
energy Kn sees a barrier of “unreduced” i.e., zero-field
height h; hence, Kn+h=.
The Fermi energy is denoted by KF hence KF+=.
The electron state with K=KF, Kp=0, and Kn=KF is termed
the “forwards state at the Fermi level” or “state F.” An elec-
tron in state F sees a barrier of unreduced height . Param-
eters appropriate to state F, or the related barrier, are sub-
scripted F.
The edge of the Sommerfeld well is aligned with the
metal’s electrical surface.8,9 Distance z normal to the emit-
ting surface is measured outward from the electrical surface:
this ensures that the electrostatic PE of the emitted electron
has the usual limiting form −eFz. In simple models, the im-
age plane coincides with the electrical surface:9 this allows
the image PE to be written in the usual limiting form
−e2 /160z.
Let E denote the total electron energy and U the total
electron PE, both measured relative to the same arbitrary
reference level. The Schrödinger equation can be separated
into components associated with motion parallel and normal
to the emitter surface. That for motion normal to the surface
can be written as
P
2 /2me2/z2 + En − U = 0, 1
where  is the electron wave function. The “normal energy”
En sometimes called the “total forwards energy” is the
complete electron energy associated with motion normal to
the emitter surface and is defined by En=E−Kp.
To simplify expressions below, we define
Mz  U − En 2
and call Mz the “motive energy” for the electron. This
name derives from the term “motive” used by Herring and
Nichols10 for a similar but not exactly identical concept.
Inside the barrier, the motive energy is a positive quantity
equal to the negative of the electron kinetic energy in the
forwards direction.
The “shape” of a tunneling barrier is defined by Mz. In
CFE, the simplest shape models used are the exact triangular
ET barrier METz and the Schottky–Nordheim barrier11,12
MSNz given by
METz = h − eFz , 3
MSNz = h − eFz − e2/160z . 4
B. FN tunneling from an individual state
For planar surfaces, the “core” forms of FN-type equa-
tion give J as a function of  and F. Nonplanar surfaces
need at least one additional parameter to describe surface
curvature. Since neither F nor J can easily be measured
directly, a complete theory also includes factors that relate J
and F to the measured current I and voltage V, but we need
not consider these factors here.
Derivation of the core form of FN-type equation has two
main stages. First, the contribution made to J by an electron
approaching the barrier in a particular electronic state is
found. Then, these contributions are summed over all occu-
pied electronic states.
To define individual states, we use the model of Ref. 3,
Appendix. The emitter electrons are taken as free electrons
confined/defined within a large rectangular box, where the
front face of the box corresponds with the emitter surface.
To avoid problems in the statistics of counting states, a large
box is needed. Consider an electron in initial state i that has
a component of current density in the forwards direction.
Denote this current-density component by zi when the state is
fully occupied. When the state is partially occupied, with
occupation probability f i, the current-density contribution is
f izi. Denote the current density escaping from the state by
tunneling through the surface barrier by jif i. When state i
is fully occupied f i=1, then a tunneling probability or “es-
cape probability” Di is defined by
jif i = 1  ziDi. 5
More generally, the contribution ji made by the state to the
ECD J is
ji = f iziDi. 6
In most circumstances, it is adequate to take f i as the Fermi–
Dirac distribution function.
For some types of emitter, such as closed capped car-
bon nanotubes, the assumption that the box can be taken as
large is obviously problematical. Such cases need a different
approach, partly analogous to the treatment of field
ionization,13 and are beyond the scope of this paper. Al-
though the conclusion is that a prefactor is present in such
cases too.
In Eq. 6, the parameter ji is easy to define because it
represents current moving away from the emitter after es-
cape. The parameter zi needs a more careful examination. It
is best interpreted as the current just inside the back face of
the box. By implication, the model assumes that the only
scattering/reflection process that affects the electron in state i
is the partial reflection at the front face due to the tunneling
FIG. 1. Schematic diagram illustrating the definitions of energies associated
with the Sommerfeld model. The horizontal axis denotes distance measured
from the emitter’s electrical surface, and the vertical axis denotes “for-
wards” or “normal” energy. See text for further explanation.
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barrier. It is assumed that no inelastic scattering processes
into or out of this state occur within the box and that there
are no elastic reflection effects within the box as a result of
potential-energy variations within it. Particularly for real
emitters, both of these assumptions can be problematical.
However, we need to make them at this stage of the discus-
sion in order to focus on the physics of the barrier. These or
similar assumptions have always been implicit in free-
electron models of FN tunneling.
In this initial discussion, it is also assumed that the bar-
rier is “well behaved” in the sense that tunneling probability
decreases smoothly as h the zero-field barrier height in-
creases. This will always be the case if there are no
“resonance-type” effects associated with potential structure
within the barrier and no back reflection into the barrier by
structure beyond it. By making all these assumptions, we can
focus on the physics of the tunneling barrier alone.
C. JWKB-type approximations
If expression 3 is inserted into Eq. 1, then the result-
ing ordinary differential equation ODE can be solved, as
done by Fowler and Nordheim1 in their original 1928 paper.
However, if expression 4 is inserted into Eq. 1, then it is
impossible in principle to solve the resulting ODE exactly in
terms of the ordinary functions of mathematics. This conclu-
sion seems to be a very firm result14 of continuing math-
ematical research that began nearly 200 years ago, and ap-
plies to most realistic barrier shapes.
In consequence, approximate solution methods have
been developed. The best known are the class of approxima-
tions associated with names of Jeffreys,15 Kramer,16
Wentzel,17 and Brillouin18 JWKB. These build on earlier
mathematical results, including the work by Horn19 and by
Fowler et al.20 see pp. 336–339, and since the 1920s have
been developed further by very many other workers for use-
ful reviews, see Refs. 13, 21, and 22.
The name “JWKB approximation” is now ambiguous
because it covers several different mathematical approxima-
tions and formulas that derive from a common historical ori-
gin. I prefer to write “JWKB-type” approximations and for-
mulas. The oldest and most basic of these, formula 7
below, is often called the “JWKB approximation” or the
“WKB approximation,” although the work of Jeffreys15 is
earlier; I now call this the “simple-JWKB formula.” With
this formula, the tunneling probability D is given by
D  exp− G , 7
where the so-called JWKB exponent G is defined by
G  g M1/2dz . 8
The integral is taken over the range of z, where Mz is
positive i.e., over the barrier and g is a universal constant
for a particle of given mass, given for an electron by
g = 22me1/2/P  10.24624 eV−1/2 nm−1. 9
Since the work of Murphy and Good23 in 1956, the simple-
JWKB formula 7 has been very widely used in CFE theory.
In the 1960s, Fröman and Fröman14 FF made a thor-
ough mathematical exploration of JWKB-type approxima-
tions and developed a procedure for the exact evaluation of
D. They concluded that descriptions of JWKB-type approxi-
mations in many textbooks of theoretical physics including
well-recognized ones were incomplete and unsatisfactory,
and that some were mathematically incorrect.
The FF procedure leads to the result see their Eq.
9.10b
D = 1/1 + 	F22− , + 	2eG , 10
where F22− , + is a parameter that, at least in principle,
can be evaluated exactly by means of an algorithm involving
repeated integrations of a matrix of coefficients along a path
in complex space that stays well clear of the singularities at
the barrier’s classical turning points. They showed that their
algorithm converges and that 	F22− , +−1	 is bounded
see their Eq. 6.22b.
Clearly, if a quantity pFF is defined by
pFF = 	F22− , + 	−2, 11
then Eq. 10 can be put in the form
D = Pe−G/1 + Pe−G , 12
where P is given by pFF. We call P the “tunneling prefactor,”
and Eq. 12 the “Fröman and Fröman FF formula.”
As shown in Fig. 2, expression 12 is a unifying for-
mula for three other JWKB-type formulas in the literature,
namely, the simple-JWKB formula above, the Kemble
formula,24,25 which was rederived later, by a slightly differ-
ent method, by Miller and Good26, and a formula stated
without proof by Landau and Lifschitz27 LL see their Eq.
50.12. It also allows the reflection coefficient R for elec-
trons reflected by the barrier to have the easily derived form
R = 1 − D = 1/1 + Pe−G . 13
The three approximate formulas in Fig. 2 are obtained by
making one or both of the approximations “e−G1” or
“P→1” in the FF formula. This suggests a two-way classi-
fication of barriers as a either “weak” e−G
1 or “strong”
e−G1 and b either ideally smooth “ideal” P=1 or
not ideally smooth “nonideal” P1.
An earlier paper5 used the terminology “smooth”
P=1 or “sharp” P1: the present terminology seems
better, since some nonideal barriers are relatively smooth.
The question arises as to how to categorize the barrier
models used in CFE. The CFE regime is defined as the re-
FIG. 2. To show the relationships between the four formulas derived from
JWKB-type approximations, for the calculation of electron escape probabil-
ity D.
114911-3 Richard G. Forbes J. Appl. Phys. 103, 114911 2008
Downloaded 31 Mar 2009 to 131.227.178.132. Redistribution subject to AIP license or copyright; see http://jap.aip.org/jap/copyright.jsp
gime where the barrier is strong, so the issue is whether CFE
tunneling barriers are ideal or nonideal. The original FN
treatment of an ET barrier generated a formula, Eq. 20
below, that shows that it is nonideal. However, for the last 50
years, most CFE theory has omitted the tunneling prefactor.
The next section develops arguments to show that this is
incorrect and that CFE tunneling barriers are nonideal. We
do this by comparing the formulas shown in Fig. 1 with
formulas derived in the literature for barriers for which the
Schrödinger equation can be solved exactly.
III. EXACTLY SOLVABLE BARRIERS
The barrier shapes that yield exact solutions of the
Schrödinger equation fall into two broad classes: those, such
as the rectangular and triangular barriers, where Mz may
have discontinuities and dM /dz and/or d2M /dz2 may have
discontinuities or singularities, and those where there are no
such discontinuities or singularities. The latter class has a
case of special interest, the parabolic barrier, where
d2M /dz2=const.
A. Barriers involving discontinuities
Rectangular barrier. The tunneling probability for the
symmetrical rectangular barrier shown in Fig. 3 is usually
written e.g., Ref. 27, p. 75 as
Drb = 4k1
2k2
2/4k1
2k2
2 + k1
2 + k2
22 sinh2k2L , 14
where L is the barrier length, k1 =2meKn1/2 /P is the
electron wave number in regions 1 and 3, and k2
=2meh1/2 /P is the decay constant in region 2. For this
barrier, G=2k2L=gh1/2L, and we can rewrite Eq. 14 in
terms of energies as
Drb = 4Knh/4Knh + Kn + h2 sinh2G/2 . 15
On defining prb16Knh / Kn+h2, this can be rewritten as
Drb = prbe−G/1 + prb − 2e−G + e−2G . 16
Clearly, if G is sufficiently large i.e., if the barrier is strong,
then we may neglect the terms in e−G and e−2G in the de-
nominator, yielding
Drb  prbe−G. 17
ET barrier. For the ET barrier, it can be shown that
G=bh3/2 /F= 2g /3h3/2 /eF= 2 /3gh1/2L, where L =h /eF
is the barrier length. In the present notation, the full FN
result, as stated at the top of p. 178 in Ref. 1, gives the
tunneling probability as
DFN = 4e−Gh3/2eF−1/Kn1/4h/eF1/2
+ heF−1/2Kn
−1/4e−G2 + 2/g2Kn
−1/2 12 eF/h1/2
+ heF−1/2g/2a2 , 18
where 	 is the quantity used by FN. Note that their C−W is
our h, their W is our Kn, their 
 is our g /2, their  is our e−G,
and, at this point in their paper, their F is the energy gradient
here denoted by eF. If we define
pFN  4Kn
1/2h1/2/Kn + h , 19
and write =Kn+h, then after some manipulation, including
setting 	1 as FN do, we obtain
DFN  pFNe−G/1 + h/ 43G−1 +  49G−2
+  12pFNe−G + h/e−2G . 20
The factor h / is always less than 1, so we may neglect the
terms in the denominator in e−G and e−2G when G is suffi-
ciently large, obtaining
DFN  pFNe−G/1 + h/ 43G−1 +  49G−2 . 21
If G is large enough, then the terms G−1 and G−2 will be
small in comparison with unity, and Eq. 21 yields
DFN  pFNe−G. 22
Similar behavior is exhibited by Jensen’s approximate
result for an ET barrier see Ref. 28, Eq. 16, and also Ref.
29, which can be rewritten as
DJ  pFNe−G/1 +  12pFNe−G +  14e−2G . 23
If G is sufficiently large, then the expression reduces to Eq.
22.
For this ET barrier, an alternative formula was derived
by Frank and Young.30 To represent the outgoing electron,
they used a quasiclassical JWKB-type wave function rather
than FN’s Hankel function, achieving the result their Eq.
14
DFY  4Kn
1/2h1/2e−G/Kn
1/2 + eFe−G/4g + h1/2e−G/22
+ h1/2 + eF/2g + Kn
1/2e−G/22 . 24
In practice, the terms involving F are always significantly
smaller than Kn
1/2 and h1/2 and may be disregarded in a first
approximation. In the strong-barrier limit, the formula then
reduces to the FN formula 22.
There is a pattern in these approximation sequences. The
exact expression derived for D depends on the barrier shape
and on the details of the mathematics used. However, apply-
ing the strong-barrier approximation that G is “sufficiently
large” then yields an expression of form Pe−G, where P
1 and the approximated form for P depends only on bar-
rier shape.
FIG. 3. To illustrate the definitions of parameters associated with tunneling
through a rectangular barrier.
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B. The parabolic barrier
The opposite extreme to these “sharp” barriers is the
parabolic barrier Mpbx=h− 12
x2, where x is measured from
the barrier apex and 
 is the constant curvature. For this
barrier, G=gh / 2
1/2=  /4gh1/2L, where L is the barrier
length. The barrier can be described as ideally smooth be-
cause d2M /dx2=const. It was analyzed by Kemble,24,25 but
an elegant proof is given by LL Ref. 27, p. 178, who, like
FF, considered the wave-function behavior along a large
semicircle in a complex space. The outcome is the formula
Dpb = 1/1 + eG = e−G/1 + e−G . 25
When G is large, this reduces to Dpbe−G. For this barrier,
the prefactor in the FF formula 12 is, in some sense, physi-
cally equal to 1.
C. The Eckart barrier
A significant test case is the Eckart barrier,31 for which
the motive energy is
MECx = Aekx/1 + ekx + Bekx/1 + ekx2, 26
where k is a constant that can be written in the form
k=2 / l. The distance 2l is a measure of the length of the
barrier, as shown in Fig. 4. For this barrier, there are no
singularities or discontinuities in Mx, but it is not as
smooth as the parabolic barrier because d2M /dx2 varies with
position. It is sufficient to consider the symmetrical barrier
obtained by putting A=0. For this symmetrical Eckart bar-
rier, it can be shown, from his Eq. 17b, that
DEC  pECe−G, 27
G = gl1/2 − Kn
1/2 , 28
pEC  1 − exp− glKn
1/2 , 29
where  is the well depth Eckart’s Vm and Kn is the for-
wards kinetic energy Eckart’s W. Obviously, for this bar-
rier, the prefactor is present in principle but would usually be
very close to unity.
IV. RE-EXAMINATION OF STANDARD CFE THEORY
Thus, for all barriers tested here, except the parabolic
barrier, the expression for D reduces to the Landau and
Lifschitz1 form DPe–GP1, when the strong-barrier ap-
proximation is applied. In particular, this is the form of the
original FN result. An important question is why the standard
Murphy–Good MG treatment of CFE generates a formula
with P=1. The immediate reason is that the MG treatment
starts from the Kemble formula, which reduces to the
simple-JWKB formula when G becomes large. MG used the
Kemble formula because this is the stated outcome of the
earlier analysis by Miller and Good.26
Like the JWKB-type approximation, the Miller–Good
approximation is a quasiclassical approximation. However, it
takes a slightly different mathematical approach to the reso-
lution of the difficulties associated with the classical turning
points at ends of the barrier. As a turning point is ap-
proached, the quasiclassical electron wavelength becomes in-
finite, and the conditions for the applicability of a normal
JWKB approach break down. The Miller–Good approach
makes use of auxiliary functions, which must have the same
general mathematical properties as the correct solutions but
otherwise may be chosen arbitrarily. In practice, the auxiliary
functions they chose were related to the solutions of the
Schrödinger equation for a parabolic bonding well.
In the present notation, the MG stated result their Eq.
37 is D1 / 1+eG. That is, they confirm that D is ap-
proximately given by Kemble’s24 formula. Details of the fi-
nal steps in this derivation are not given, and I am unable to
establish precisely what mathematical approximations were
made, but it is clear that this is not an exact result. This is
confirmed by a test conducted by Miller and Good.26 They
applied their formula to a particular case of the Eckart po-
tential, for which exact results can be derived. In circum-
stances where D0.4, the exact result for D is about 20%
higher than their formula predicts.
In the strong-barrier limit, their formula becomes identi-
cal with the simple-JWKB formula De−G. From the trend
shown in their Fig. 3, it seems clear that their formula will
underpredict the exact result. This means that the correct
result should contain a correction factor that can be inter-
preted as a tunneling prefactor. However, the correction fac-
tor looks to be close to unity.
The following suspicion also exists but is difficult to
confirm without extensive new analysis. Namely, their use of
auxiliary functions that are the Schrödinger equation solu-
tions for the ideally smooth parabolic barrier may have
generated a result less general than originally believed.
Historically, what then seems to have happened is that,
because the correction factor seemed close to unity, Murphy
and Good adopted the Kemble/Miller Good formula as a
starting point. MG do clearly describe it as an approximation
see MG’s discussion relating to their Eq. 5. However,
FIG. 4. The Eckart potential, as described by Eq. 26. The potential is
illustrated for A=−1 and the values of B shown.
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users of their work have not sufficiently recognized that their
results are not physically exact but are derived from an ap-
proximate starting formula.
V. THEORETICAL CONSEQUENCES FOR FN-TYPE
EQUATIONS
A. Effect on form of equations
We next look at consequences of using the LL formula,
rather than the simple-JWKB formula, for the integration
over internal electronic states that leads to FN-type equa-
tions. The treatment here generalizes the Forbes3 2004 ap-
proach and applies to a strong barrier of arbitrary but well-
behaved shape.
Reference 3 shows that, for emission at zero temperature
from a metal-like free-electron band, this integration yields a
FN-type equation that can be written in the general form
J = ZFDF = zSdF
2DF, 30
where zS 4eme /hP
3
=1.618 3111014 A m−2 eV−2 is a
universal constant7 here called the Sommerfeld electron sup-
ply density, dF and DF are, respectively, the “decay width at
the Fermi level” and the “escape probability at the Fermi
level” i.e., parameters for a barrier of unreduced height ,
and ZF zSdF
2 is a quantity I call the “effective electron
supply.”
Reference 3 also shows that when the simple-JWKB for-
mula is applied to the ET barrier, GF, dF, and ZF are given in
this “elementary” theory by the quantities GF
el
, dF
el
, and ZF
el
defined by
	GF
el  Gel	h= = b3/2/F , 31a
1/dF
el  	Gel/h	h= = 3/2b1/2/F = 3/2GF
el/ , 31b
ZF
el  zSdF
el2 = a−1F2. 31c
When the simple-JWKB formula is applied to the arbi-
trary well-behaved barrier, Ref. 3 shows that GF, 1 /dF, and
ZF are obtained by multiplying the three equations above by
correction factors F, F, and F
−2
, respectively. The precise
form of these correction factors depends on the barrier shape.
In deriving these formulas, the integration over occupied
states requires that the escape probability Dh be expanded
in the form
Dh = DF exp− h/dF , 32
where h=h−. When the LL formula rather than the
simple-JWKB formula is used, the full formal definition of
decay width d has to be used. As shown in the Appendix,
when this full definition is applied to the LL formula for D,
we obtain
1/d  −  lnD/h = G/h −  lnP/h . 33
Obviously, the last term can be omitted when P is approxi-
mated as 1 or as a constant, so the simplified version of Eq.
33 has been used in previous papers.
It is now shown how the present treatment based on
applying the LL formula to the arbitrary well-behaved bar-
rier relates to the elementary treatment based on applying
the simple-JWKB formula to the ET barrier. It seems best to
have  retain its existing definition. By analogy with Ref. 3,
if dF can be written in the form
dF = D
1/2dF
el
, 34
where D is a correction factor defined via Eq. 32, then ZF
can be written in the form
ZF = Da−1F2. 35
Using definition 33 and noting that for an arbitrary
well-behaved barrier 	Gel /h	h=,=F /dF
el
, we obtain
1/dF = F/dF
el
− 	 lnP/h	h=, 36
D
−1/2
= dF
el/dF = F1 − F
–1dF
el  lnP/	h	h=  FP
−1/2
,
37
where P is a correction factor defined by this equation.
In this new treatment, the escape probability DF is given
by
DF = PF exp− Fb3/2/F . 38
The FN-type equation that results when the LL formula is
applied to a strong barrier of well-behaved but arbitrary
shape thus takes the form
J = Da−1F2PF exp− Fb3/2/F . 39
Elsewhere,5 I have called this the “general zero-K free-
electron FN-type equation.” The designation “zero-K” indi-
cates that the derivation is strictly valid only at a temperature
of 0 K; in practice, no significant error arises from applying
zero-K formulas to emission at room temperature.
The analysis of FN plots is also affected. Some general
results for FN-type equations were given some years ago2
and may be applied here by identifying  and  in Ref. 2
with PF
−2PF and F here. In particular, the intercept cor-
rection factor denoted here by  rather than r —see Ref. 4
is given by
 = DPF exp− b3/2dF/dF . 40
B. Discussion
Numerical estimates are now needed. Due to mathemati-
cal difficulties noted earlier, accurate calculations of the pa-
rameters PF and D for realistic barrier models cannot easily
be made. However, illustrative estimates can be found from
the FN prefactor pFN. Using expression 19 above to substi-
tute for the parameter P in Eq. 37 and the definitions of GF
el
and dF
el
, we obtain
P
−1/2  1 − F
−11/3KF − /KFGF
el . 41
As illustrative values, we take KF=10 eV, =5 eV, GFel
=5, and F1; these yield PF1.9 and P1.07.
Simple smooth but nonideal barrier models might pre-
dict values of PF and P closer to unity than these values, but
as noted below real emitters might have values further from
unity. On the face of things, the value of PF might sometimes
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be of practical significance, but value of P is unlikely to be.
A factor very similar to P was disregarded by FN in their
original treatment.1
Since the derivation of a FN-type equation involves the
integration of D over occupied states, it seems best to use the
combined factor D rather than the clumsy combination
PF
−2 in FN-type equations. In the author’s view, it should
be sufficient in most predictive calculations to put D=1.
The arguments here suggest that the standard MG FN-
type equation should be replaced by Eq. 39. In practice, as
argued elsewhere,5 one might want to generalize Eq. 39
further by multiplying by a factor B representing band-
structure effects on electron densities of states and perhaps
by a factor T representing temperature effects.
VI. OTHER USES OF THE PREFACTOR
Including the prefactor in evaluations of D, and in the
resulting FN-type equations, also brings within the scope of
a single form of equation various effects that until now have
been ignored or treated separately. These effects arise when
we note that, in reality, an electron moves in the whole po-
tential structure relevant to its coherence length, and take
into account potential-energy variations that are more realis-
tic than those used in the usual simple models. It is beyond
this paper’s scope to discuss numerics, but relevant effects
include the following.
1 If one takes the front surface of the “large box” used in
Sec. II at the inner edge of the tunneling barrier, then the
sharp changes in potential at the “emitter surface” how-
ever these are represented will give rise to reflection-
type effects and change the value of P. It is well estab-
lished that electron reflection from this “join” region can
give rise to observable phenomena, for example, the re-
flection factor in the Richardson equation e.g., Refs. 10
and 32, the periodic field-dependent deviations in
Schottky emission e.g., Refs. 10 and 33, and the
Jason34 effect in surface field ionization.
2 In more realistic models32,35 that include atomic struc-
ture, the need to match the wave function in the barrier
to an atomic-type wave function, at the outer edge of the
atomic bonding well, will influence the value of P.
Modinos36 discussed these effects.
3 If there is a thin conducting film at the emitter surface,
of material different from that of the underlying sub-
strate and of thickness less than the coherence length of
electrons approaching it from the substrate, then scatter-
ing or resonance-type effects may affect the value of P.
The existence of such effects is well established, both
theoretically and experimentally e.g., Ref. 37. How-
ever, they have weaker experimental consequences than
one might expect, both on the total energy distribution
and in current/voltage characteristics, because they tend
to be “smoothed out” in the integration over electronic
states.
4 With semiconductors and similar materials, field pen-
etration and band bending at the emitter surface may
lead to wave-function modification that affects the value
of P.
5 If there is a sharp structure in the barrier itself and/or
back reflection from structure beyond the barrier, then
the value of P will be affected or it may be necessary to
use a more complex expression for the tunneling prob-
ability D that does not reduce easily to the LL form.
Jensen28,29,38 discussed effects of this type.
Values of P resulting from these effects can sometimes
be substantially different from unity. So, it seems best to
always use the LL formula as the physically relevant formula
for a strong barrier, even in circumstances where simple bar-
rier models would suggest that P is close to unity.
VII. SUMMARY AND CONCLUSIONS
This paper has argued for the reintroduction of a tun-
neling prefactor into expressions for the escape probability
for FN tunneling and into FN-type equations. An approach
based on Fröman and Fröman’s work suggests that barriers
can be classified using two characteristics: whether they are
weak or strong and whether they are ideal or nonideal. As
summarized in Fig. 2, this suggests the existence of four
related JWKB-type formulas, namely the FF formula and
three approximations, applicable to the different cases.
For the past 50 years, CFE theory has been developed
mainly by means of the simple-JWKB formula 7 that
strictly applies only to the ideal parabolic barrier. This is
mathematically incorrect, and the resulting formulas are con-
ceptually incomplete. Examination of various cases where
the Schrödinger equation can be solved exactly confirms
that, in the “strong-barrier” CFE regime, approximate ex-
pressions for tunneling probability D and FN-type equations
should contain a tunneling prefactor. For the simple
Schottky–Nordheim barrier model, and for other relatively
smooth simple barrier models, P may be relatively close to
unity. However, there is no guarantee that this is true for CFE
from real emitters, where electrons move in a much more
complicated potential structure, as they approach the emitter
surface. The discussion in Sec. VI notes physical circum-
stances where P can be substantially different from unity. So,
the prefactor P should always be explicitly present in expres-
sions for D, and the factor PF always present in FN-type
equations.
When the integration over internal states is carried out,
this generates a further correction factor D that takes the
place of the factor F
−2 that appears in the standard FN-type
equation. This factor D should in principle be present in
FN-type equations but can be approximated to unity when
making predictive calculations. The product DPF should be
present in expressions for the intercept correction factor .
At present, numerical values for P and PF are difficult to
predict accurately, in part because the motion of the electron
in the whole of the relevant potential structure not just the
barrier needs to be taken into account. However, the pres-
ence of the factor DPF in FN-type-equation pre-
exponentials along with a factor B caused by band-
structure effects might sometimes be relevant to the
interpretation of apparently anomalous experimental results.
Broadly analogous considerations about prefactors apply
to emission theory in the higher-temperature regime where
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the strong-barrier approximation is not valid, and something
more general than the Kemble24,25 formula is needed. These
issues are beyond the scope of the present paper but have
been discussed by Jensen.28,29,38
APPENDIX: FORMULA FOR DECAY WIDTH
To sum the contributions to ECD from individual inter-
nal states, the escape probability D must be expanded as a
function of unreduced height h. The expansion is about the
value h=, in terms of h=h−. Because D decreases ap-
proximately exponentially as h increases, one seeks an ex-
pansion in the form
Dh = DKh , A1
where Kh is a factor that needs to be found.
Taking natural logarithms, we have
lnDh = lnD + lnKh . A2
This is a Taylor-type expansion of lnDh with respect to h
if we take
lnKh = 	 ln D  h	h=h  − h/dF, A3
where dF is defined by this equation. The quantity lnKh
is clearly negative, so the minus sign is inserted into defini-
tion A3 to make dF positive. If we use the LL formula for
escape probability, then dF is the value, for a barrier of un-
reduced height , of the quantity d given by
1/d = −  ln D/h = G/h −  lnP/h . A4
d is termed the “decay width,” has the dimensions of energy,
and in practice is measured in eV. When h increases by d,
then ln D decreases by approximately 1, and D by ap-
proximately the factor e.
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